Abstract. Manevitz and Weinberger proved that the existence of faithful K-Lipschitz Z/nZ-actions implies the existence of faithful K-Lipschitz Q/Zactions. The Q/Z-actions were constructed from suitable actions of a sufficiently large hyperfinite cyclic group * Z/γ * Z in the sense of nonstandard analysis. In this paper, we modify their construction, and prove that the existence of ε-faithful K-Lipschitz G λ -actions implies the existence of ε-faithful K-Lipschitz lim − → G λ -actions. In a similar way, we generalise Manevitz and Weinberger's result to injective direct limits of torsion groups.
Introduction
Let M be a compact connected manifold with a metric. Using nonstandard analysis, Manevitz and Weinberger [3] proved that if M admits a faithful K-Lipschitz action of the finite cyclic group Z/nZ for each n ∈ Z + , then M also admits a faithful K-Lipschitz action of the rational circle group Q/Z. Their proof requires no advanced knowledge of transformation group theory except for Newman's theorem, although it requires a bit of nonstandard analysis. The basic idea of their proof is as follows: Let γ be an infinite hyperinteger that is divisible by any nonzero integer (e.g. the factorial ω! of an infinite positive hyperinteger ω). Then Q/Z can be embedded into the hyperfinite cyclic group
By the transfer principle, the nonstandard extension * M admits an internal faithful K-Lipschitz action of * Z/γ * Z. By restricting the domain and by taking its standard part, we obtain the desired Q/Z-action on M . The faithfulness of the resulting action follows from Newman's theorem in the version of Bredon [1, 9. 6 Corollary]. However, their proof contains an error involving the use of the (downward) transfer principle. Fortunately, their proof can be corrected, as we shall see below.
The aim of this paper is to generalise Manevitz and Weinberger's result. Note here that Q/Z is isomorphic to the (injective) direct limit of Z/nZ (n ∈ Z + ), where the index set Z + is ordered by the divisibility relation. It is natural to attempt to generalise their result to direct limits of groups. In Section 2, we prove that if M admits an ε-faithful K-Lipschitz G λ -action for each λ, then M also admits an ε-faithful K-Lipschitz lim − → G λ -action. In Section 3 we generalise their result to injective direct limits of torsion groups. We obtain a correct proof of their result as a by-product.
We refer to Robinson [4] for nonstandard analysis. We work within a sufficiently saturated nonstandard universe. Actually we only need the enlargement property.
Direct limit group actions
Definition 1. Let G be a group, M a metric space, and ε, K > 0. Suppose G acts on M . The action is said to be faithful if for each g ∈ G other than the unit, d M (x, gx) > 0 for some x ∈ M . The action is said to be ε-faithful if for each g ∈ G other than the unit, d M (x, gx) ≥ ε for some x ∈ M . The action is said to be
Let us start to prove Theorem 2. Denote G = lim − → G λ . For each λ ∈ Λ let i λ : G λ → G be the canonical homomorphism. By the saturation principle, fix an element γ ∈ * Λ which is an upper bound of Λ in * Λ.
Lemma 3.
There exists an embedding j : G → * G γ such that the following diagram commutes:
and then define j (g) = * i λγ (g λ ). Clearly j commutes the above diagram.
Well-definedness: Suppose g µ ∈ G µ is another one such that g = i µ (g µ ) holds. Since i λ (g λ ) = g = i µ (g µ ), i λν (g λ ) = i µν (g µ ) holds for some standard ν ≥ λ, µ. Since ν ≤ γ, * i λγ (g λ ) = * i µγ (g µ ) by upward transfer. Structure-preservation: Let e λ ∈ G λ be the unit of some G λ . Since i λ is homomorphic, e = i λ (e λ ) is the unit of G. By definition j (e) = * i λγ (e λ ). By upward transfer, * i λγ is homomorphic, so e γ = * i λγ (e λ ) is the unit of
. By definition and by upward transfer
There exists an internal ε-faithful K-Lipschitz action Φ :
* M → M is the standard part map. Let us show that Ψ is the desired action.
Lemma 4. Ψ is an action.
Proof. Ψ (e) = id M : y) ) ≈ 0 and by the triangle inequality,
By taking the standard parts of the both sides, we have that
Lemma 6. Ψ is ε-faithful.
Proof. Let g ∈ G other than the unit. Clearly j (g) is not the unit. Since Φ is (internally) ε-faithful, there is an x ∈ * M such that
This completes the proof of Theorem 2. Proof. The proof is almost similar to that of Theorem 2. Fix an infinite element λ ∈ * Λ by saturation. There is an embedding j : G → * G γ with j • i λ = * i λγ by Lemma 3. The upward transfer principle yields an internal faithful K-Lipschitz action Φ :
* G γ × * M → * M . Define a map Ψ : G × M → M by Ψ (g, x) = • Φ (j (g) , x), which is a K-Lipschitz action by Lemma 4 and Lemma 5.
